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One of the typical features of Majorana zero mode (MZM) at the end of topological superconductor
is a zero-bias peak in the tunneling spectroscopy of the normal lead-superconductor junction. In this
paper we study on a model with one phonon mode coupling to the superconductor lead of the normal
lead-superconductor junction, which can be viewed as an electron-lead/phonon-coupled-MZM/hole-
lead structure. The phonon-coupled MZM acts as a series of channels in which electron can turn
into hole by absorbing and emitting phonons. These channels present in the local density of states
(LDOS) as a series of stripes, generating the corresponding peaks in the tunneling spectroscopy. In
LDOS, the electron-phonon interaction narrows and redistributes the weight among stripes. In the
tunneling spectroscopy, the heights of peaks present a feature of the multi-phonon process. With
these investigations, our work illuminates the mechanism of phonon-assisted Andreev reflection at
a Majorana zero mode.
I. INTRODUCTION
Majorana fermion, a fermion which is its own antipar-
ticle, can be achieved in condensed matter as a quasi-
particle of electrons and holes.1–5 For example, Majo-
rana fermion appears in spinless p wave superconduc-
tor at the transition between strong and weak pairing
phases.6–9 In practice, the Majorana zero mode (MZM)
can be achieved at the end of a quantum wire which is in
proximity to a s-wave superconductor and in a Zeeman
field.10,11 An efficient method to check the existence of
MZM is to construct a normal lead-superconductor junc-
tion and measure the tunneling spectroscopy. With a
MZM residing in the junction, the tunneling spectroscopy
presents a zero-bias peak12–15 which is resulted from the
Majorana induced resonance Andreev reflection.16 Up
to now, the zero-bias peak has been observed in many
experiments,17–23 but the height of the peak usually is
much lower than the perfect value 2e2/h, because of the
soft gap,24 thermal effect,25,26 or the electron-phonon in-
teraction (EPI). Very recent, an experiment work has
successfully achieved the zero-bias peak with the peak
height 2e2/h in an indium antimonide semiconductor
nanowire covered a superconducting shell,27 which gives
a strong evidence of the existence of the MZM.
The phonon plays an important role in electron
transport.28–33 While short wave phonon participates in
the superconducting pairing,34,35 it is also worth to con-
sider the influence of long wave optical phonon in the
Majorana induced Andreev reflection. Some reports have
shown the spectroscopy of phonon-assisted Andreev re-
flection, where a series of peaks appear with the equal
peak interval
ωp
2 with ωp being the frequency of the
phonon.36–40 However, the Majorana induced Andreev
reflection is a kind of special Andreev reflection which is
more like resonance tunneling. The normal lead plays a
role of both electron lead and hole lead, and the MZM
acts as a quantum dot with a single zero energy level.16
In phonon-assisted resonance tunneling, the local density
of states (LDOS) of the quantum dot and the differential
conductance present a series of peaks at nωp with the
integer n and are sensitive to the average Fermi energy
of the two leads,41,42 which is exactly zero for electron
and hole leads in the case of Majorana induced Andreev
reflection and aligns to the MZM. Moreover, very recent,
Song and Das Sarma have studied the relaxation time of
the Majorana qubit with the coupling of phonons, and
show that the relaxation rate can be manipulated by the
accompanied phonon energy which can be tuned by the
voltage bias.43 So far, the mechanism of phonon-assisted
Majorana induced Andreev reflection has not been inves-
tigated, which is exactly the subject of the present work.
In order to look into the influence of phonon on Majo-
rana induced Andreev reflection, we investigate a simpli-
fied model with one phonon mode coupling to the super-
conductor of a normal lead-superconductor junction in
this paper. An non-equilibrium Green’s function formal-
ism is developed to numerically solve the LDOS and con-
ductance of this normal lead-superconductor junction.
With the phonon mode coupling, MZM generates a se-
ries of channels in which electron can turn into hole by
absorbing and emitting phonons. These channels present
in the LDOS as a series of stripes which have the same
width in energy, the same shape in real space but differ-
ent scales. The stripes are reduced to peaks in energy
distribution at a fixed position. The coupling strength
of the normal lead and superconductor has a broadening
effect on the peaks, but has no influence on the weight
of each peak. On the other hand, the EPI strength re-
strains the broadening and elevates the weight of non-
zeroth phonon sidebands. The heights of peaks grow
with the EPI strength moderately at zero temperature
but intensively at nonzero temperature. However, the
soar of peaks in LDOS with temperature is wiped out in
conductance by thermal broadening effect. At zero tem-
perature, the width of peaks in conductance are exactly
2equal to their counterpart in LDOS, and the height of the
nth conductance peak presents a feature of n-phonons
process.
The rest of this paper is organized as follows: In Sec.II
we introduce the normal lead-superconductor model and
the non-equilibrium Green’s function, of which the de-
tailed deduction is developed in the Appendix. The re-
sults are presented in Sec.III. Specifically, we first give a
picture of phonon assisted Andreev reflection at MZM in
Sec.III A, then numerically study the LDOS in Sec.III B
and differential conductance in Sec.III C, respectively. In
the end, we summary the work in Sec.IV.
II. MODEL AND METHOD
The phonon-coupled normal lead-superconductor de-
vice is shown in Fig.1(a). With the help of Zeeman field
and proximity to s-wave superconductor, an 1D quantum
wire changes into a spinless p-wave superconductor or a
Kitaev chain44 of which a MZM resides at the end. In
this paper, a single phonon mode is coupled to this su-
perconductor to simulate the effect of long wave optical
phonon, of which the frequency is ωp and the momentum
can be omitted. The experimental realization of such a
model can be achieved with the help of some material
with special phonon spectrum and the spin-orbit cou-
pling, e.g. a nanowire with spin-orbit coupling and the vi-
bration phonon mode. In fact, it has been experimentally
found that phonon modes exist in various systems, such
as nanowires, nanotubes, quantum dots and so on. For
example, if the 1D quantum wire is made of carbon nan-
otube, there exists a radial breathing mode correspond-
ing to the global radial vibration.45–47 In addition, the
intrinsic vibration phonon mode can exist in nanowires,
nanotubes, quantum dots and some molecules.39,48–50
The phonon-coupled superconducting wire is con-
nected to a normal lead, forming a normal lead-
superconductor junction [Fig.1(a)]. The superconduct-
ing lead is grounded and a bias V is added on the nor-
mal lead. The EPI strength is λ, and in this paper we
also use the dimensionless quantity g = λ2/ω2p to denote
the strength of EPI. The tunneling strength between the
normal lead and superconductor is labeled by 1/α, which
means a larger α represents a weaker tunneling. The pa-
rameter α is called reversed coupling strength in the rest
of this paper. The Hamiltonian of this device is presented
FIG. 1. (a) Andreev reflection in weak tunneling 1D normal
lead-superconductor junction with a phonon mode coupled to
the superconductor wire. A MZM exists at the end of the
superconductor wire. The bias V is added on the normal
lead and the superconductor is grounded. (b) Regarding the
normal wire as a hybrid of an electron lead and a hole lead,
this normal lead-superconductor junction can be viewed as an
electron-lead/phonon-coupled-MZM/hole-lead structure.
below:
H = HL +HR +HT , (1)
HR = HR0 + λ(aˆ+ aˆ
†)
∑
k
cˆ†kcˆk + ωpaˆ
†aˆ, (2)
HR0 =
∑
k
εk cˆ
†
kcˆk +∆k cˆkcˆ−k +∆
∗
k cˆ
†
−kcˆ
†
k, (3)
HL =
∑
k
ε′kdˆ
†
kdˆk, (4)
HT =
∑
k,k′
(T0/α)dˆ
†
k cˆk′ + h.c., (5)
where HL and HR represent the normal and supercon-
ductor lead, respectively, and HT describe the coupling
term or the tunneling term between the normal lead and
superconductor. In particular, HR consists of spinless p-
wave superconductor term HR0, EPI term λ(aˆ+ aˆ
†)cˆ†k cˆk
and phonon term ωpaˆ
†aˆ. The operators aˆ(aˆ†), cˆ(cˆ†) and
dˆ(dˆ†) annihilate (create) a phonon, an electron in normal
lead and in superconducting lead, respectively. The en-
ergy spectrum εk and ε
′
k are both parabolic, and the con-
stant T0 stand for the normal lead-superconductor cou-
pling strength at α = 1.
The EPI term in Eq.(2) complicates the solving of
this system. A well developed canonical transforma-
tion method is widely used to solve problems in this
kind.32,36,41,51 Introducing the canonical transformation
3on any operator Oˆ, that ˆ¯O = eSOˆe−S with
S =
∑
k
cˆ†k cˆk
λ
ωp
(aˆ† − aˆ). (6)
The creation and annihilation operators under this trans-
formation are:
ˆ¯ck = e
S cˆke
−S = cˆke
− λ
ωp
(aˆ†−aˆ)
, (7)
ˆ¯c†k = e
S cˆ†ke
−S = cˆ†ke
λ
ωp
(aˆ†−aˆ)
, (8)
ˆ¯a = eS aˆe−S = aˆ−
λ
ωp
∑
k
cˆ†kcˆk, (9)
ˆ¯a† = eS aˆ†e−S = aˆ† −
λ
ωp
∑
k
cˆ†k cˆk, (10)
and the operators dˆk and dˆ
†
k remain unchange under this
transformation.
Before applying this canonical transformation, we note
that the superconducting pairing term in Eq.(3) origi-
nates from the attraction interaction Uk,k′ between elec-
trons, that is, the original form of Hamiltonian HR0 in
Eq.(3) is
HR0 =
∑
k
εk cˆ
†
kcˆk +
∑
k,k′
Uk,k′ cˆ
†
k′ cˆ
†
−k′ cˆ−k cˆk. (11)
A mean-field approximation is applied on Eq.(11) to ar-
rive at the BCS Hamiltonian [Eq.(3)], where
∆k ≡
∑
k′
Uk,k′ 〈cˆ
†
−k′ cˆ
†
k′〉. (12)
The canonical transformation should act on Eq.(11)
rather than Eq.(3). Under the canonical transforma-
tion, i.e. substituting Eqs.(7-10) to Eqs.(2,4,5,11), the
Hamiltonians HR0 and HL remain unchange with H¯L =
eSHLe
−S = HL and H¯R0 = e
SHR0e
−S = HR0. On the
other hand, the Hamiltonians HR and HT change into:
H¯R = H¯R0 −
λ2
ωp
∑
k,k′
cˆ†k cˆ
†
k′ cˆk′ cˆk −
λ2
ωp
∑
k
cˆ†k cˆk + ωpa
†a,(13)
H¯T =
∑
k,k′
(T0/α)e
− λ
ωp
(aˆ†−aˆ)
dˆ†k cˆk′ + h.c.. (14)
By using the mean-field approximation same to what we
have used in arriving at BCS Hamiltonian, Eq.(13) is
reduced to
H¯R =
∑
k
ε¯kcˆ
†
k cˆk + ωpa
†a+
∑
k
∆¯k cˆk cˆ−k + h.c., (15)
where
∆¯k = ∆k +
λ2
ωp
〈cˆ†k cˆ
†
−k〉, (16)
ε¯k = εk − λ
2/ωp. (17)
So, the transformed Hamiltonian H¯ = eSHe−S reads
H¯ = HL + H¯T + H¯R. (18)
In H¯ , instead of the complicated EPI term λ(aˆ+ aˆ†)cˆ†k cˆk,
EPI only exists in H¯T and can be eliminated by a mean-
field approximation32,36,41
e
− λ
ωp
(aˆ†−aˆ)
= 〈e
− λ
ωp
(aˆ†−aˆ)
〉 = e−g(N+1/2), (19)
where g = λ2/ω2p and
N =
1
eωp/kBT − 1
(20)
stands for the number of phonon with the temperature T .
The approximation in Eq.(19) includes all the irreducible
self-energy of single normal lead-superconductor coupling
ones and single EPI ones, only omits the high order of
irreducible Feynman diagram which contain both normal
lead-superconductor coupling and EPI. Eq.(19) is exact
at T0/α = 0 or λ = 0, and it is reasonable while T0/α
or λ is the smallest energy scales, i.e T0/α ≪ min(λ,∆)
or λ≪ min(T0/α,∆).
32,36,41 In addition, at the low tem-
perature, the phonon number N is small and the effective
EPI is weak. So this approximation is more valid at the
low temperature than at high temperature.
The Hamiltonian H¯ is discretized to adapt to numer-
ical calculation. Let ε′k =
~
2k2
2m − ǫL, ε¯k =
~
2k2
2m − ǫR,
T0 =
−1
2ma2
0
, and the order parameter for p wave pairing
could be set to ∆¯k = ∆k. These terms with k and k
2
can be discretized by the following relation:
∑
k
kc†kck =
∑
x
−i
2a0
[c†xcx+1 − c
†
xcx−1], (21)
∑
k
k2c†kck =
∑
x
−1
a20
[c†xcx+1 − 2c
†
xcx + c
†
xcx−1]. (22)
In addition, by using the inverse Fourier transformation
dˆx =
∑
k e
−ikxdˆk and cˆx =
∑
k e
−ikxcˆk, we have dˆ0 =∑
k dˆk and cˆ0 =
∑
k cˆk. To combine Eqs.(21,22) with the
inverse Fourier transformation, the H¯ can be discretized
into the following form:
HL = (
1
ma20
− ǫL)dˆ
†
xdˆx −
1
2ma20
dˆ†x+1dˆx + h.c.
x ≤ 0 (23)
H¯R = (
1
ma20
− ǫR)cˆ
†
xcˆx −
1
2ma20
cˆ†x+1cˆx +
∆
2a0
cˆx+1cˆx + h.c.
x ≥ 0 (24)
H¯T = −
1
α
1
2ma20
e−g(N+1/2)cˆ†0dˆ0 + h.c.. (25)
Here a0 denotes the discretization length. The normal
lead-superconductor interface is located at x = 0.
With Eq.(23-25) we can easily acquire the transformed
Green’s function G¯(x, x′).52–54 With the help of G¯(x, x′),
4FIG. 2. The LDOS of finite p-wave superconductor of dif-
ferent length, coupling with normal conductor leads in both
ends. The superconductor is discretized into 200 lattices in
both panels (a) and (b), but the lattice lengths are different
in (a) shorter system with a0 = 0.05 and (b) longer system
with a0 = 0.07.
we are able to achieve the LDOS ρ(x,E) of phonon-
coupled MZM as well as the tunneling spectroscopy
G(V ). The explicit formulation is developed in the Ap-
pendix of this paper. The numerical investigations in
LDOS and transporting property are detailed in Sec.III,
which are at the parameters of m = 0.025, a0 = 0.05,
ǫR = 15, ∆ = 20, ǫL = 2000, where the natural unit is
adopted and the phonon frequency ωp = 1 as the energy
unit. At this group of parameters the superconducting
gap is Egap = 28.
Eqs.(23-25) describe the semi-infinite p-wave super-
conducting wire coupled with a normal conductor lead,
which has topological edge states in the interface of the
superconductor and normal conductor. If for a finite p-
wave superconducting wire (or a finite p-wave supercon-
ducting wire coupled with two normal conductor leads,
i.e. the normal conductor/finite p-wave superconducting
wire/normal conductor system), there exist the Majo-
rana zero modes in both end of the wire. Fig.2 shows
the LDOS of finite p-wave superconducting wire coupled
with two normal conductors for the different length. In
a short superconducting wire, the MZMs in both ends
of the wire couple with each other, splitting in energy
spectrum [see Fig.2(a)]. On the other hand, for the long
superconducting wire, the coupling between both ends
vanishes, leaving an isolated MZM in each end of the
wire [see Fig.2(b)]. This clearly indicates the existence
of the MZM in the interface of the superconductor and
normal conductor.
(b)
(c)
(a) (d)
FIG. 3. (a-c) Diagrams of Andreev reflections concerning
with 0, 1, 2 phonons, respectively. The wavy line represents
the phonon propagator, and the blue and red lines represent
electrons and holes respectively. (d) The MZM is expanded
in energy by normal lead-superconductor coupling and plays
a role of electron-hole exchange channel. There exist a se-
ries of subchannels which are integer number of phonon fre-
quencies apart from the MZM. Electrons in subchannel can
pass through the MZM channel by absorbing and emitting
phonons. The transparency of each channel is expressed by
the color.
FIG. 4. (a) The LDOS ρ(x,E) presents several stripes, re-
ferring to the channels in Fig.3(d). Logarithmic color bar
is applied to exaggerate the existence of narrow stripes. (b)
The space distribution of the stripes. The curve An is ex-
tracted from (a) along the track of E = nωp. The shape
of Ans are exactly the same but vary in scale. The normal
lead-superconductor interface is at x=0.
III. RESULT
A. mechanism
In condition of weak tunneling and small bias com-
paring to the superconducting gap, the normal cur-
rent through the normal lead-superconductor junction
is blocked, and the current flow is dominated by su-
perconducting current which comes from Andreev reflec-
tion at the MZM. In this case the normal lead can be
viewed as a combination of an electron lead and a hole
lead and the normal lead-superconductor junction can be
5viewed as a two terminal system [Fig.1(b)]. The super-
conductor lead is suspended and the remaining electron-
lead/MZM/hole-lead structure constitutes a resonance
tunneling system (i.e., the Majorana induced resonance
Andreev reflection) in which the MZM plays the role
of the quantum dot.55 The electron and hole leads are
coupled to the MZM with the same tunneling strength,
leading to a perfect tunneling at V = 0, i.e., the zero-
bias peak in the tunneling spectroscopy. Here the MZM
acts as an electron-hole channel at zero energy. This
e-h channel is broadened in energy by the coupling of
the normal lead to MZM, which presents in the tunnel-
ing spectroscopy as the widening of the zero-bias peak.
Figure.3(a) gives the diagram of the Majorana induced
resonance Andreev reflection. While ω0 = 0 is in the e-h
channel of MZM, Fig.3(a) has a non-vanishing contribu-
tion, leading to an Andreev reflection.
Electrons outside the MZM channel are unable to par-
ticipate an Andreev reflection unless with the help of
phonons. The single phonon process is presented in
Fig.3(b). If the energy of electron is ωp away from ω0 = 0,
this electron can also participate the process in Fig.3(a)
by emitting a phonon. The multi phonon processes are
similar, that an electron whose energy is nωp away from
ω0 can go through the process in Fig3(a) by emitting n
phonons. Figure.3(c) gives an example of n = 2 case.
The no-phonon, single-phonon, and multi-phonon pro-
cesses in Fig.3(a-c) are summarized in Fig.3(d), which
gives a understandable picture of phonon-assisted An-
dreev reflection at MZM. The phonon-coupled MZM is
a series of e-h channels, and the nth channel locates at
E = n~ωp. The 0th channel is just the broadened MZM
which is perfectly transparent. The non-zeroth channels,
on the other hand, are the copies of the 0th channel. An
electron in the nth channel has a chance to take road of
the 0th channel by emitting or absorbing n phonons. For
this reason all channels have the same width W originat-
ing from the 0th channel. In the case of weak EPI, the
multi phonon process is infrequent so that the high order
channels are nearly blocked.
B. Local Density of States
The channels in Fig.3(d) can be directly recognized in
the LDOS ρ(x,E), which is defined by Eq.(A4) in the
Appendix A. The LDOS ρ(x,E) gives the probability
of the electron at position x having the energy of E.
In Fig.4(a) we numerically solve the ρ(x,E) with g =
0.6, α = 4, T = 0 in units of ρ0 =
a0ωp
10000 . The bias
voltage V which exists in Eq.(A13) in form of µ (µ = eV )
actually has no effect on ρ, because the average Fermi
level of electron-lead and hole-lead is always 0 at every
V and exactly aligns to the MZM. Since the bulk gap
Egap ≫ E in the concerned region and the tunneling is
weak enough to suppress the influence of bulk states near
the MZM, the electron-hole symmetry is conserved, and
ρ(x,E) presents a series of narrow stripes near the normal
lead-superconductor interface. The nth stripe is at the
position of E = nωp, which is related to an n-phonons
process at the MZM. The total integral of these stripes
are 12 , which is corresponding to one Majorana fermion,
and is equivalent to half a Fermion.44 Because of the
negligible momentum, the long wave phonon splits MZM
in energy spectrum but has little influence in the space
distribution, i.e., the space distribution are the same for
every stripes, which are shown in Fig.4(b). The stripes
have the same profile but decline in scale with the raise of
n, because in the condition of weak EPI the multi phonon
process is hard to achieve.
The transport property is dependent on the energy
distribution ρ(E) near the normal lead-superconductor
interface, which is shown in Fig.5. However, Fig.4(b) in-
dicates that ρ(E) ≡ 0 at the exact x = 0 position, so
the average ρ(E) over the small lattice a0 next to the
interface, ρ(E) = 1a0
∫ a0
0 ρ(x,E)dx, is shown in Fig.5.
Since the space distributions for every stripe are in the
same shape, Fig.5 honestly reflects the energy distribu-
tion near the interface. The overall outline of ρ(E) is
shown in Fig.5(a), in which the cross section of stripes in
Fig.4(a) are turned into peaks. The peaks in ρ(E) rep-
resent the electron-hole channels by which electrons par-
ticipate Andreev reflection and generate superconducting
current. Figure.5(b-d) zoom in on the 0th-2nd peaks.
The LDOS is influenced by normal lead-superconductor
coupling strength 1/α, EPI factor g and temperature T .
The coupling strength 1/α directly broadens the MZM in
energy from a delta-type function to a Lorentzian curve,
so it directly affects the width of each peak. The EPI
factor g and temperature T suppress the effective normal
lead-superconductor coupling in H¯T by a suppression fac-
tor e−g(N+1/2) and narrow the peaks. However, the EPI
also appears in the coefficient Ln[Eq.(A3)], which redis-
tributes the weights of each phonon peak. So g and T
change the areas of each peak but α does not. With the
decrease of EPI, the LDOS is centralizing in the main
peak. When the EPI is absent, all phonon sidebands are
absorbed in the central peak.
The influence of EPI on LDOS is studied in Fig.6. The
height of LDOS peak hn ≡ ρ(nωp) describes the possibil-
ity of electron at the energy of nωp, corresponding to a
n-phonon process. At g = 0 where EPI is absent, hn = 0
for all nonzero n. From Fig.6(a) and (b), we can see that
all hns raise with the EPI strength g for two different
reasons: the suppression in effective coupling strength
between the normal lead and superconductor (see H¯T )
and the redistribution among the peaks. The increase of
h0 is because of the suppression of the effective coupling
strength, which narrow the peaks. On the other hand
for nonzero n, the raise of the peak height hn is due to
not only the suppression of the effective coupling strength
but also the inter peak redistribution. The increase of hn
with g is much intenser at the temperature T = 1 than
T = 0. The primary reason for this difference is about
the coupling strength suppression, because h0 also soars
at T = 1 which is irrelevant to the inter peak redistribu-
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FIG. 5. (a) The LDOS ρ(E) near the normal lead-superconductor interface under different groups of parameters. The nth
phonon peak appears at E = nωp. (b-d) Zoom in on the 0th, 1st, 2nd phonon sideband for nonzero g, respectively. The peaks
are narrowed with the increase of EPI strength g, reversed coupling strength α and temperature T . The area of non-zeroth
peaks also increase with g (blue line comparing to black line) and T (green line comparing to black line). When EPI is absent,
the LDOS is reduced to a single peak at E = 0 (dashed line).
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FIG. 6. The height of the nth LDOS peak hn varies with the
EPI strength g at the temperature T = 0 (a) and T = 1 (b).
At g = 0 only h0 is nonzero. For every n, hn increase with g,
but the increasement at T = 1 is much intenser than T = 0.
Moreover, the ratio h1/h0 and h2/h0 are larger at T = 1 than
T = 0. (c) The width of MZM peak varies with temperature
T at different g. These curves have similar profile with the
phonon distribution [Eq.(20)].
tion. The suppression factor e−g(N+1/2) is much smaller
at finite temperature since the phonon number N is pos-
itive comparing to N = 0 at zero temperature. However,
the inter peak redistribution also differs between the tem-
perature T = 0 and T = 1. It is obvious that the ratio
h1/h0 and h2/h0 raise faster at T = 1 than T = 0, which
mean the single-phonon and bi-phonon processes happen
more frequently at the higher temperature. This is rea-
sonable since at zero temperature electron can only emit
phonons and transmit phonons to itself, while at finite
temperature electron can also absorb phonons from the
environment. While the height of peaks is under the co-
effect of the suppression of effective coupling strength and
inter peak redistribution, the width of peaks directly re-
flects the effective coupling strength [see Fig.6(c)]. The
widths vary slowly at the low temperature region and
then begin to drop. These W -T curves have a similar
profile with the Boson distribution of phonons [Eq.(20)],
because the influence of temperature on width just ap-
pears in the effective coupling strength at H¯T in form of
N .
C. conductance
In Fig.7, we investigate the effects of the reversed cou-
pling strength α and temperature T on the tunneling
spectroscopy. The differential conductance G(V ) = dIdV
presents a series of peaks at V = nωp which just resem-
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FIG. 7. (a) The conductance G versus bias voltage V under different groups of parameters. The nth phonon peak appears at
eV = nωp. (b-d) Zoom in on the 0th, 1st, 2nd phonon sideband, respectively. The width of peaks in G(V ) is same to peaks in
ρ(E) within the same parameter at T = 0, but severely broadened and strongly reduced at T = 1. At T = 0 the heights of
peaks are unrelated to the normal lead-superconductor coupling strength 1/α.
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FIG. 8. (a) Tunneling spectroscopy at different EPI strength
g with α = 4 and T = 0. (b) The heights of conductance
peaks vary with g at zero temperature. The height of nth
conductance peak hn is proportional to g
n.
bles the LDOS. The resemblance also exist in the effect
of the reversed coupling strength α, that the peaks nar-
row with the increase of α. In fact, at zero temperature
the width of peaks in G(V ) is exactly the same with its
counterpart in ρ(E), since the Fermi distribution for elec-
trons is reduced to a step function θ(E−V ). The energy
distribution is uniform away from E = V , so that the
electron number in a channel varies only if the bias V
is varying in this channel. On the other hand, peaks in
G(V ) are severely broadened and the heights of peaks are
strongly reduced at finite temperature, while the channel
itself is slightly narrowed [see Fig.5]. This is because of
the thermal broadening effect. The thermal broadening
is much stronger than the EPI-induced channel narrow-
ing, which leads to the different thermal behavior of ρ(E)
and G(V ).
Another difference between ρ(E) and G(V ) is that
the heights of peaks vary with the reversed coupling
strength α in ρ(E) but do not in G(V ). While nor-
mal lead-superconductor coupling strength 1/α broad-
ens the MZM, it has no effect on the height of zero-bias
peak, because whatever the effective coupling strength
in H¯T is, it stands for the coupling term of both elec-
tron and hole leads, so the e-h tunneling is always res-
onance at V = 0, which means a complete Andreev re-
flection and G(0) = 2e2/h. The middle of the 0th e-h
channel, for this reason, is perfect transparent. In some
experiments, the suppression of the height of the zero-
bias peak happens.17,18 Here we can exclude the influ-
ence of the phonons on the suppression. The behavior
of the zero-bias peak is very different with the photon-
assisted Majorana induced resonance Andreev reflection,
8in which the height of the 0th peak of the conductance
is reduced by the time-periodic potential.56 The trans-
port in non-zeroth channel is achieved by absorbing and
emitting phonons and taking the road of the 0th chan-
nel. So the transparency in the middle of the nth chan-
nel is only related to EPI but irrelevant to the normal
lead-superconductor coupling strength 1/α. The influ-
ence of EPI on transport property is presented in Fig.8.
When EPI is absent, there is only a zero-bias peak in
the tunneling spectroscopy G(V ). With the increase of
EPI strength g, non-zeroth peaks come out at V = nωp
[see Fig.8(a)]. The width of peaks in G(V ) narrows with
the increase of g for the EPI-induced channel narrowing.
Meanwhile the heights of phonon sidebands hn = G(nωp)
rise with g, which is illustrated in Fig.8(b). At zeros tem-
perature and at the small EPI strength g, the height of
nth peak hn obeys the rule of
hn ∝ g
n. (26)
This relation can be accounted for the following expla-
nation: In the condition of weak EPI, the probability of
n-phonon process is proportional to λn. Take Fig.3(b)
as an example. This diagram stands for single phonon
process and contains one wavy line corresponding to λ1.
The diagram represents the scattering coefficient seh, and
the conductance G ∝ |seh|
2. So the 1st conductance
peak h1 ∝ λ
2 ∝ g1. Similarly, the nth conductance peak
hn ∝ λ
2n ∝ gn. However, for the large EPI strength g,
the conductance peaks hn will deviate from this propor-
tional relationship (hn ∝ g
n), because the conductance
can not exceed 2e2/h.
IV. CONCLUSION
In order to investigate the influence of electron-phonon
interaction on the Majorana induced resonance Andreev
reflection, a normal lead-superconductor junction is stud-
ied in this paper, of which a single long wave phonon
mode is coupled to the superconductor. With the help of
canonical transformation and mean-field approximation,
a non-equilibrium Green’s function method is developed
for numerical research on this junction. The Andreev re-
flection in the normal lead-superconductor junction can
be viewed as resonance tunneling from electron lead to
hole lead, where Majorana zero mode (MZM) plays the
role of e-h channel. With the phonon mode coupling, a
series of subchannels at E = nωp are derived from the
MZM channel with the same width but different trans-
parency. Electron in the subchannel can take the road
of the MZM channel by emitting and absorbing phonons.
These channels are presented in LDOS ρ(x,E) as a se-
ries of stripes. The stripes are same in space distribu-
tion but different in scale. These stripes are reduced
to peaks in energy distribution ρ(E) near the normal
lead-superconductor interface. The lead-superconductor
coupling strength broadens these peaks, while electron-
phonon interaction has two effects on these peaks. One
is the suppression in effective coupling strength which
narrows the width and raise the height. The other one is
the inter peak redistribution which changes the weights of
every peak. The tunneling spectroscopy presents conduc-
tance peaks similar to LDOS. At zero temperature the
width of peaks are the same in tunneling spectroscopy
and LDOS. At finite temperature, while the peaks in
LDOS are slightly narrowed for the increase of phonon
number, the conductance peaks are severely broadened
and strongly reduced for thermal broadening effect. The
height of the nth conductance peak is proportional to
gn at zero temperature and weak electron-phonon inter-
action strength g, presenting a feature of multi phonon
process.
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Appendix A: spectral function
In this Appendix A, we deduce the expression of the
spectral function. Using 〈〈· · · 〉〉 and 〈〈· · · 〉〉 to denote the
Green’s function of H and H¯ , respectively, their relation
is presented below:36,40,41,57
〈〈cˆx|cˆ
†
x〉〉
<(ω) =
∑
n
Ln〈〈cˆx|cˆ
†
x〉〉<(ω + nωp), (A1)
〈〈cˆx|cˆ
†
x〉〉
>(ω) =
∑
n
Ln〈〈cˆx|cˆ
†
x〉〉>(ω − nωp). (A2)
The coefficient Ln can be expressed by the nth modified
Bessel function of first kind In:
36,40,41,57
Ln = e
−g(2N+1)enωpβ/2In(2g
√
N(N + 1)), (A3)
with β = 1/kBT .
The spectral function, i.e., the LDOS in the supercon-
ducting lead is defined as
ρ(x, ω) =
i
2π
[〈〈cˆx|cˆ
†
x〉〉
>(ω)− 〈〈cˆx|cˆ
†
x〉〉
<(ω)], (A4)
which can be expressed by the transformed Green’s func-
tion
ρ(x, ω) =
i
2π
∑
n
Ln
[
〈〈cˆx|cˆ
†
x〉〉
>
(ω − nωp)
−〈〈cˆx|cˆ
†
x〉〉
<
(ω + nωp)
]
. (A5)
9Hereafter the parameter ω is omitted if it does not lead
to confusion. Introduce the Nambu representation, and
let59
G¯(x, x′) ≡
(
〈〈cˆx|cˆ
†
x′〉〉 〈〈cˆx|cˆx′〉〉
〈〈cˆ†x|cˆ
†
x′〉〉 〈〈cˆ
†
x|cˆx′〉〉
)
(A6)
to be the Green’s function of H¯ in Nambu representation.
With the help of Eq.(23-25), we can directly achieve the
retarded and advanced Green’s function G¯r/a. The rela-
tions between the greater/lesser Green’s function to the
retarded/advanced one are Keldysh equation58
G¯< = iG¯rfLΓ¯
LG¯a, (A7)
G¯> = G¯< − iA¯, (A8)
A¯ ≡ i[G¯r − G¯a]. (A9)
Here fL represents the Fermi distribution in the normal
lead
fL(ω) =
[
f(ω − µ) 0
0 f(ω + µ),
]
(A10)
where f(ω) ≡ 1/{eω/kBT +1} and the chemical potential
µ is controlled by bias voltage V that
µ ≡ eV/~. (A11)
The transformed linewidth function is defined as
Γ¯L =
[
i|T¯t|
2(〈〈dˆ0|dˆ
†
0〉〉
r
0 − 〈〈dˆ0|dˆ
†
0〉〉
a
0) 0
0 i|T¯t|
2(〈〈dˆ†0|dˆ0〉〉
a
0 − 〈〈dˆ
†
0|dˆ0〉〉
r
0)
]
(A12)
where 〈〈· · · 〉〉0 stands for the Green’s function of an iso-
lated HL. Here T¯t = Tte
−g(N+1/2) and Tt =
1
α
1
ma2
0
which
is the tunneling term in Eq.(25). The surface Green’s
function 〈〈dˆ0|dˆ
†
0〉〉
r/a
0 can be solved directly from Eq.(23),
so are Γ¯L.
Substituting Eqs.(A7,A8) into Eq.(A5), we have ar-
rived at a numerical solvable expression of LDOS:
ρ(ω) =
1
2π
∑
n
[
LnA¯(ω−n) (A13)
+ (L−n − Ln)G¯
r(ω−n)fL(ω−n)Γ¯
L(ω−n)G¯
a(ω−n)
]
11
where ωn = ω + nωp and the subscript “11” represents
the “11” element of the matrix.
Appendix B: conductance
In the Appendix B, we deduce the formulation for the
conductance. The electric current from the normal lead
flowing into the superconductor is the time derivative of
the electron number NL =
∑
k dˆ
†
kdˆk, that
59,60
I = −e〈N˙L〉 = −
2e
~
∑
k,k′
ReTt〈〈dˆk′ (t)|cˆ
†
k(t)〉〉
<. (B1)
With the help of the motion equation, the Green’s func-
tion of interacting system 〈〈dˆk′ |cˆ
†
k〉〉
<(ω) can be reduced
to59,60
〈〈dˆk′ |cˆ
†
k〉〉
< = 〈〈dˆk′ |dˆ
†
k′〉〉
r
0Tt
∑
k′′
〈〈cˆk′′ |cˆ
†
k〉〉
<
+ 〈〈dˆk′ |dˆ
†
k′〉〉
<
0 Tt
∑
k′′
〈〈cˆk′′ |cˆ
†
k〉〉
a. (B2)
Substituting Eq.(B2) into Eq.(B1) and transforming to
the discrete Hamiltonian in the real space, we arrive at
I = −
2e
h
∫
dω|Tt|
2Re[〈〈dˆ0|dˆ
†
0〉〉
r
0〈〈cˆ0|cˆ
†
0〉〉
<
+〈〈dˆ0|dˆ
†
0〉〉
<
0 〈〈cˆ0|cˆ
†
0〉〉
a]. (B3)
Here dˆ0(dˆ
†
0) and cˆ0(cˆ
†
0) are the annihilation (creation)
operators at the end of the normal lead and supercon-
ductor, respectively. Introducing the linewidth function
corresponding to Eq.(A12)
ΓL =
[
i|Tt|
2(〈〈dˆ0|dˆ
†
0〉〉
r
0 − 〈〈dˆ0|dˆ
†
0〉〉
a
0) 0
0 i|Tt|
2(〈〈dˆ†0|dˆ0〉〉
a
0 − 〈〈dˆ
†
0|dˆ0〉〉
r
0)
]
(B4)
and applying the fluctuation-dispassion theorem on
〈〈dˆ0|dˆ
†
0〉〉
<
0 , combining with
〈〈cˆ0|cˆ
†
0〉〉
r − 〈〈cˆ0|cˆ
†
0〉〉
a = 〈〈cˆ0|cˆ
†
0〉〉
> − 〈〈cˆ0|cˆ
†
0〉〉
<, (B5)
and Eqs.(A1,A2,A6), the Eq.(B3) is reduced to
I =
ie
h
∑
n
Ln
∫
{ΓL[(1 − fL(ω))G¯
<(ωn)
+fL(ω)G¯
>(ω−n)]}11 dω. (B6)
Substituting Eqs.(A7,A8,A9), we get a solvable expres-
sion of electric current:
10
I =
e
h
∫
dω
∑
n
{
L−nΓ
L(ω)fL(ω)A¯(ωn)− Γ
L(ω)[Ln + (L−n − Ln)fL(ω)]G¯
r(ωn)fL(ωn)Γ¯
L(ωn)G¯
a(ωn)
}
11
=
e
h
∫
dω
∑
n
{
L−nΓ
L
11(ω)f(ω − µ)A¯11(ωn)
− ΓL11(ω)[Ln + (L−n − Ln)f(ω − µ)]
[
G¯r11(ωn)f(ωn − µ)Γ¯
L
11(ωn)G¯
a
11(ωn) + G¯
r
12(ωn)f(ωn + µ)Γ¯
L
22(ωn)G¯
a
21(ωn)
]}
.(B7)
Then, the differential conductance G(V ) ≡ dI/dV is
G(V ) =
e2
h
1
T
∫
dω
∑
n
{
L−nΓ
L(ω)σzfL(ω)(1− fL(ω))A¯(ωn)
− ΓL(ω)[Ln + (L−n − Ln)fL(ω)]G¯
r(ωn)σzfL(ωn)(1− fL(ωn))Γ¯
L(ωn)G¯
a(ωn) (B8)
− ΓL(ω)(L−n − Ln)σzfL(ω)(1 − fL(ω))G¯
r(ωn)fL(ωn)Γ¯
L(ωn)G¯
a(ωn)
}
11
.
In particular, at zero temperature the differential conductance G(V ) reduces into:
G(V ) =
e2
h
{∑
n
L−nΓ
L
11(µ)A¯11(µn)−
∑
n
ΓL11(µ−n)LnG¯
r
11(µ)Γ¯
L
11(µ)G¯
a
11(µ)
−
∑
n≤0
ΓL11(µ)(L−n − Ln)G¯
r
11(µn)Γ¯
L
11(µn)G¯
a
11(µn)−
∑
n>0
ΓL11(µ−n)(L−n − Ln)G¯
r
11(µ)Γ¯
L
11(µ)G¯
a
11(µ)
+
∑
n
ΓL11(−µn)LnG¯
r
12(−µ)Γ¯
L
22(−µ)G¯
a
21(−µ)−
∑
n<n0
ΓL11(µ)(L−n − Ln)G¯
r
12(µn)Γ¯
L
22(µn)G¯
a
21(µn)
+
∑
n>n0
ΓL11(−µn)(L−n − Ln)G¯
r
12(−µ)Γ¯
L
22(−µ)G¯
a
21(−µ)
}
, (B9)
where µn = µ+ nωp and n0 = −
2µ
ωp
.
∗ sunqf@pku.edu.cn
1 C. W. J. Beenakker, in Annual Review of Condensed Mat-
ter Physics, Vol 4, edited by J. S. Langer (Annual Reviews,
Palo Alto, 2013), pp. 113.
2 M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
3 R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Phys. Rev.
Lett. 105, 077001 (2010).
4 X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83 (2011).
5 R. Aguado, Riv. Nuovo Cimento 40, 523 (2017).
6 D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).
7 A. L. R. Manesco, G. Weber, and D. Rodrigues, Jr., IEEE
Trans. Appl. Supercond. 28, 1700105 (2018).
8 N. Read and D. Green, Phys. Rev. B 61, 10267 (2000).
9 A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Lud-
wig, Phys. Rev. B 78, 195125 (2008).
10 L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
11 Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett.
105, 177002 (2010).
12 A. R. Akhmerov, J. P. Dahlhaus, F. Hassler, M. Wimmer,
and C. W. J. Beenakker, Phys. Rev. Lett. 106, 057001
(2011).
13 L. Fu and C. L. Kane, Phys. Rev. Lett. 102, 216403 (2009).
14 W.-J. Gong, S.-F. Zhang, Z.-C. Li, G. Yi, and Y.-S. Zheng,
Phys. Rev. B 89, 245413 (2014).
15 P. Wang, J. Liu, Q.-F. Sun, and X.C. Xie, Phys. Rev. B
91, 224512 (2015).
16 K. T. Law, P. A. Lee, and T. K. Ng, Phys. Rev. Lett. 103,
237001 (2009).
17 V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A.
M. Bakkers, and L. P. Kouwenhoven, Science 336, 1003
(2012).
18 M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P. Caroff,
and H. Q. Xu, Nano. Lett. 12, 6414 (2012).
19 H. O. H. Churchill, V. Fatemi, K. Grove-Rasmussen, M.
T. Deng, P. Caroff, H. Q. Xu, and C. M. Marcus, Phys.
Rev. B 87, 241401 (2013).
20 M. T. Deng, S. Vaitiekenas, E. B. Hansen, J. Danon, M.
Leijnse, K. Flensberg, J. Nygard, P. Krogstrup, and C. M.
Marcus, Science 354, 1557 (2016).
21 A. D. K. Finck, D. J. Van Harlingen, P. K. Mohseni, K.
Jung, and X. Li, Phys. Rev. Lett. 110, 126406 (2013).
22 O. Gul et al., Nat. Nanotech. 13, 192 (2018).
23 R. M. Lutchyn, E. Bakkers, L. P. Kouwenhoven, P.
Krogstrup, C. M. Marcus, and Y. Oreg, Nat. Rev. Mater.
3, 17 (2018).
24 T. D. Stanescu, R. M. Lutchyn, and S. Das Sarma, Phys.
Rev. B 90, 085302 (2014).
25 J. Liu, A. C. Potter, K. T. Law, and P. A. Lee, Phys. Rev.
Lett. 109, 267002 (2012).
11
26 F. Setiawan, C.-X. Liu, J. D. Sau, and S. Das Sarma, Phys.
Rev. B 96, 184520 (2017).
27 H. Zhang, C. X. Liu, S. Gazibegovic, D. Xu, J. A. Lo-
gan, G. Z. Wang, N. van Loo, J. D. S. Bommer, M. W.
A. de Moor, D. Car, Rlmoh Veld, P. J. van Veldhoven,
S. Koelling, M. A. Verheijen, M. Pendharkar, D. J. Pen-
nachio, B. Shojaei, J. S. Lee, C. J. Palmstrom, Epam
Bakkers, S. Das Sarma, L. P. Kouwenhoven, Nature 556,
74 (2018).
28 V. J. Goldman, D. C. Tsui, and J. E. Cunningham, Phys.
Rev. B 36, 7635 (1987).
29 L. Kleinman, Phys. Rev. 140, A637 (1965).
30 S. Makram-Ebeid and M. Lannoo, Phys. Rev. B 25, 6406
(1982).
31 N. S. Wingreen, K. W. Jacobsen, and J. W. Wilkins, Phys.
Rev. Lett. 61, 1396 (1988).
32 Q.-F. Sun and X.C. Xie, Phys. Rev. B 75, 155306 (2007).
33 J. Song, Q.-F. Sun, J. Gao, and X.C. Xie, Phys. Rev. B
75, 195320 (2007).
34 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).
35 P. Morel and P. W. Anderson, Phys. Rev. 125, 1263
(1962).
36 S.-N. Zhang, W. Pei, T.-F. Fang, and Q.-F. Sun, Phys.
Rev. B 86, 104513 (2012).
37 P. Stadler, W. Belzig, and G. Rastelli, Phys. Rev. Lett.
117, 197202 (2016).
38 P. Stadler, W. Belzig, and G. Rastelli, Phys. Rev. B 96,
045429 (2017).
39 J. Gramich, A. Baumgartner, and C. Scho¨nenberger, Phys.
Rev. Lett. 115, 216801 (2015).
40 Z. Cao, T.-F. Fang, Q.-F. Sun, and H.-G. Luo, Phys. Rev.
B 95, 121110 (2017).
41 Z. Z. Chen, R. Lu, and B. F. Zhu, Phys. Rev. B 71, 165324
(2005).
42 M. Galperin, A. Nitzan, and M. A. Ratner, Phys. Rev. B
73, 13, 045314 (2006).
43 Y. Song and S. Das Sarma, Phys. Rev. B 98, 075159
(2018).
44 A. Kitaev, Phys. Usp. 44, 131 (2001).
45 X.-W. Lei, Q.-Q. Ni, J.-X. Shi, and T. Natsuki, Nanoscale
Res. Lett. 6, 492 (2011).
46 N. Sano, M. Chhowalla, D. Roy, and G. A. J. Amaratunga,
Phys. Rev. B 66, 113403 (2002).
47 X. Zhao, Y. Liu, S. Inoue, T. Suzuki, R. O. Jones, and Y.
Ando, Phys. Rev. Lett. 92, 125502 (2004).
48 S. Sapmaz, P. Jarillo-Herrero, Y.M. Blanter, C. Dekker,
and H. S. J. van der Zant, Phys. Rev. Lett. 96, 026801
(2006).
49 B.J. LeRoy, S.G. Lemay, J. Kong, and C. Dekker, Nature
432, 371 (2004).
50 A. Benyamini, A. Hamo, S. V. Kusminskiy, F. von Oppen,
and S. Ilani, Nat. Phys. 10, 151 (2014).
51 J. M. Robin, Phys. Rev. B 56, 13634 (1997).
52 S. Datta, Electronic Transport in Mesoscopic Systems,
(Cambridge University Press, Cambridge, 1995).
53 Y.-T. Zhang, Z. Hou, X.C. Xie, and Q.-F. Sun, Phys. Rev.
B 95, 245433 (2017).
54 Y.-F. Zhou, Z. Hou, P. Lv, X.-C. Xie and Q.-F. Sun, Sci.
China-Phys. Mech. Astron. 61(12), 127811(2018).
55 S.M. Reimann and M. Manninen, Rev. Mod. Phys. 74,
1283 (2002).
56 P. Wang, Q.-F. Sun, and X.C. Xie, Phys. Rev. B 90,
155407 (2014).
57 G. D. Mahan, Many-Particle Physics, 3rd ed. (Plenum
Press, New York, 2000).
58 Z. Y. Zeng, F. Claro, B. Li, arXiv:cond-mat/0110502
59 Q.-F. Sun, B.-G. Wang, J. Wang, and T.-H. Lin, Phys.
Rev. B 61, 4754 (2000).
60 A.-P. Jauho, N. S. Wingreen, and Y. Meir, Phys. Rev. B
50, 5528 (1994).
